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I. INTRODUCTION
T HE mechanical design of superconducting magnets has to deal with two main issues: first, a mechanical structure limiting the deformations of the coil due to electro-magnetic forces must be conceived; secondly, the stress arising inside the coil must be carefully analysed to avoid insulation creep or superconductor degradation. Nb-Ti is nowadays used in superconducting magnets of particle accelerators, leading to a maximum field of about 10 T at short sample condition and stress on the coil of the order of 100 MPa [1] - [5] . In order to push the fields beyond the threshold of 10 T, is at present the only practical superconductor that can be used [6] - [8] . Nevertheless, since it cannot tolerate compressive stress larger than 150 MPa [9] , the coil cross-section must be carefully designed to match the superconductor mechanical limits. In this paper we provide a set of equations that give an estimate of the electromagnetic forces and stresses of a sector coil as a function of the aperture , of the coil width and of the superconducting material. We used a simplified sector coil layout (see Fig. 1 ) with angular extension (thus canceling the sextupole coefficient in the field series expansion) with constant current density . A similar layout can well represent from the electro-magnetic point of view several dipoles built in the past decades [10] .
Following the same approach adopted for quadrupoles in [11] , the main steps carried out in the analysis are as follows: • Estimate analytically the electromagnetic forces and the induced stresses in the sector coil as a function of and for a given current density . A similar approach has been developed in [6] , [7] using a model. • Introduce the expression of the critical current density , thus evaluating the peak compressive stress on the coil mid plane as a function of the central field at short sample limit . The results have been cross-checked with a simple finite element model built in ANSYS.
• Modify the expression of and revise the formulae of forces and stresses when an infinite permeable iron yoke surrounds the coil.
• Compare the results given by a sector coil with some dipoles cross-sections, both with and without iron yoke at short sample condition.
II. FORCES AND STRESSES FOR A UNIFORM CURRENT DENSITY

A. Magnetic Field and Lorentz Forces
The equations of the magnetic field have been derived from the magnetic vector potential for a sector coil, by using the formalism developed in [12] - [15] . The magnetic field obtained shows a good agreement with the numerical results of the FE model within the aperture and outside the coil, whereas the error in evaluating the field inside the winding is higher, increasing towards the pole. This analytical approach is not reliable for peak field evaluation, leading to an estimation error of about 20%. Nevertheless the magnetic forces integrated over the coil are in agreement with the numerical ones within 2% for and 7% for . 
B. Stresses on Coil Mid Plane and Collar Contact Edge
By balancing the forces acting on an infinitesimally small coil element, it is possible to derive the equations of the azimuthal compressive stress on the coil mid plane , and of the radial compressive stress on the external profile of the coil . Since the shear effect has been neglected, it is not possible to analytically quantify how the coil material affects the stress distribution; nevertheless the numerical results show this is a second order effect, so that the provided equations can represent the stress profile on a real anisotropic coil within a few percent of difference.
By solving the differential balance equations one can get:
where is a function involving geometrical parameters. In (1), (2) stresses are expressed in Pa, lengths in m and current densities in . A numerical study has been carried out to compute both the maximum stress values and the profiles on the coil, as a function of the aperture and of the coil radial width. The azimuthal peak stress given by (1) generally differs from the numerical one by about 3%. A first order guess of the location of the peak azimuthal stress is 2/3 of the coil width [7] ; the FE model shows that this location moves towards the outer part of the coil for large coil widths (Fig. 2) . The difference in the peak stress position spans from 5% to 30% for . The maximum stress in the midplane is given by (3)
III. FORCES AND STRESSES AT CRITICAL CURRENT DENSITY
In the previous section the magnetic field, the electro-magnetic forces and the stresses have been evaluated at constant current density to compute the discrepancy between the numerical model and the analytical approach (1). Indeed, in a superconducting magnet is limited by the critical current density , at peak field. In this section we will study the stress profile at short sample conditions for two different superconductors: Nb-Ti and . For the we considered a high performance cable corresponding to 3000 at 12 T, 4.2 K. We evaluate the maximum compressive stress on coil mid-plane as well as the central field for several coil layouts, computing for each configuration using the approximation based on sector coils given in [10] : aperture radii have been varied from 20 to 80 mm, and coil widths from 5 to 80 mm. We assumed a constant dilution factor (ratio between the superconductor surface and the insulated cable surface) for both the superconductors, in order to have comparable results. In Figs. 3 and 4 , we show that for large coil widths one can reduce the peak stress, thus obtaining higher fields. This effect becomes important at large apertures. For instance, with Nb-Ti and 80 mm aperture radius, 10 mm coil width provides 6.5 T and 250 MPa, whereas a 40 mm coil width provides 10.5 T and 180 MPa: higher fields and larger coils imply lower stress. This effect is mainly due to the fact that a larger coil width allows decreasing the current density, and in (1) the reduction induced by the current density term is larger than the increase in coil width .
All these values are at short sample conditions. In order to respect the mechanical limit of 150 MPa for a dipole, the biggest aperture radius that can be used is 30 mm with a coil width of 45 mm and a central field of 15 T . In order to get lower stress for larger apertures, larger coil widths are needed. For smaller apertures, the mechanical limit is no more constraining the coil size, its choice being a compromise between the bore field and the coil performance. It is important to remind that large dilution factors (i.e. more superconductor in the coil) increase stress even when the comparison is made at the same short sample field. For instance, assuming and a target field of 15 T, this can be achieved with a 60 mm coil width and , or with 45 mm coil width and . In the second case the stress is 25% larger (160 MPa instead of 130 MPa, in case of at 4.2 K). Of course, another way to reduce stress is to operate the magnet far from the critical surface, but this would obviously reduce the central field as well.
IV. IRON EFFECT
An iron yoke surrounding a coil winding plays different roles: (i) it shields the external side of the magnet from the inner magnetic field, (ii) it induces higher peak and bore fields for the same current density and (iii) it helps increasing the structure stiffness under the effect of Lorentz stresses. The presence of an iron yoke reduces the slope of the load line in the frame: the critical current density has so to be reduced. By assuming an infinitely permeable iron, thus neglecting saturations effect, the peak field and the bore field can be defined as linear functions of the current . In Fig. 5 we plot the difference between the relative increase in the peak field and the relative increase in central field , induced by the iron with respect to the ironless case, normalized to . We consider different collar thickness (i.e. distance of iron to coil) and aspect ratios . The increment of the bore field has been analytically computed using the standard equations [14] , [15] ; the increment of the peak field has been numerically evaluated.
It has been observed that:
• The approximation is correct within 20% for aspect ratios .
• The relative difference is mainly dependent on the aspect ratio, whereas the dependence on collar width can be neglected, being within 4% for . 
where: and . Using this fit one can derive the critical current density with the iron . This new current density can be used to define the stress profile in the coil when an iron yoke is used. Since the magnetic field accounts for the iron effect, the equations of forces and stresses have to be consequently modified. The stress profile on the coil mid plane is then given by: (5) where is the outer radius. The position of the maximum stress along the mid-plane (expressed in mm) can be obtained in a semi-empirical way. By fitting the results of the analytical approximation, one obtains: (6) with , and . This fit has been verified for an aperture range of 10-60 mm, a coil width range of 10-50 mm and for a collar width varying from 20 to 35 mm.
By comparing the two cases, with and without iron, the dependence on the coil width can be summarized as follows: for small coil widths ( -20 mm), the maximum stress is higher than for the same coil in air. For larger widths, the stress level decreases with the respect to the same coil in air, nevertheless providing a higher central field (Figs. 6-8 ). This effect is more evident for higher dilution factors , where one can verify that the stress decrease is in a range of 4-10%.
V. ANALYSIS OF ACCELERATOR DIPOLES
In order to verify the validity of the analytical approach, we have compared the results of some real dipole cross-sections [1]- [5] implemented in ANSYS. The input current density, evaluated at its short sample limit, has been computed using [16] . Please note that in order to apply the (5) one has to use an equivalent coil width (7) where A is the surface of the insulated sector coil: this takes into account the presence of copper wedges in the coil. For instance the equivalent coil width of the LHC is 26.8 mm, whereas the width of the layers is 31 mm. The analytical approach is in good agreement with numerical results (see Table I ) within 10% for RHIC, LHC and SSC dipoles in terms of maximum azimuthal stress, whereas the analytical underestimates the numerical one of about 30% for Tevatron and HERA.
This effect has been numerically investigated by means of a double layer sector coil with constant current density and no wedges, as the Tevatron main dipole. The relative angle between the first and the second layer pole has been varied, keeping constant the coil area. The increase of the relative angle, i.e., of the first layer surface over the second one, is followed by an increase of the peak stress of 40%. This means that the analytical approach is more effective when the 
VI. CONCLUSIONS
We presented a simple analytical equation based on a 60 sector coil to estimate the peak stress due to electromagnetic forces. By studying the stress distribution at the short sample limit, we outlined how the maximum stress depends on the central field, on the coil aperture and width. In general, for aperture radii larger than 30 mm one finds that larger and larger coil widths provide higher field but lower peak stress. For , in order to respect the limit of 150 MPa at the short sample limit, apertures radii 30 mm are advisable, unless a large coil is adopted . Moreover, a cable with a lower filling ratio, i.e., with more copper, can help reducing the mechanical stress, having fixed a required field. These considerations hold at short sample limit; it is always possible to reduce the peak stress by operating far from the critical surface, by setting . The use of an iron screen helps to reduce the coil width for a given field , leading to an increase of the peak stress over the coil mid-plane within few percent. A comparison with some dipole cross-sections reveals an agreement between the numerical and the analytical approach within 30%. The agreement is within 10% for coils which look closer to a simple 60 sector coil. Cases with two layers and very different pole angles give a less favorable pre-stress, up to 30% larger than the corresponding sector coil.
It is important to remark that in quadrupoles [11] the peak stress increases as a function of the coil width for small apertures ( 30 mm), whereas it always decreases for dipoles. By comparing dipoles and quadrupoles sharing the same aperture, superconductor type and coil width, it appears that the difference in peak stress is actually constant for a given aspect ratio . A dipole with aspect ratio will always present peak stresses 20% higher than a quadrupole with the same aspect ratio. For a the difference increases to 55%.
